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Generation of mass on two-dimensional brane in three-dimensional model with four-fermion interac-
tion including external gauge ﬁeld A3 is considered. In the framework of this model the generated mass
proves to be lighter than Kaluza–Klein modes, thus indicating to a possibility of solving the mass hi-
erarchy problem. Dependence of the effective potential and the coupling constant on characteristics of
the model such as compactiﬁcation radius, gauge ﬁeld and phase shift parameter was also obtained. It is
demonstrated that the generated mass, besides the dynamic part, includes also a kinematic (topological)
contribution, i.e. the Aharonov–Bohm phase.
© 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
One of the problems of multidimensional theories is a mech-
anism, according to which extra dimensions are hidden. An orig-
inal idea of Kaluza–Klein was that ﬁfth extra dimension is com-
pactiﬁed to describe physical processes in our four-dimensional
space–time world [1]. According to common point of view, com-
pactiﬁcation must take place at the Plank scale (l ∼ 10−33 cm,
energy MPl ∼ 1019 GeV), where extra dimensions must have size
R  10−17 cm and their direct detection is impossible. However, in
the last years special attention has been paid to the idea of brane
world, where ordinary matter is localized on three-dimensional
manifold — a brane, placed in multidimensional space. In such
models of brane world, as, e.g., ADD [2] and Randall–Sundrum [3],
extra dimensions can have large or inﬁnitely large size and this
can lead to experimentally observable effects. Namely, the possi-
bility of detecting large extra dimensions is the main reason for
studying these theories.
In [4], the model with one extra dimension was also considered.
In that article existence of two types of fermions was assumed.
One type of fermions lives in ﬁve-dimensional space–time and in-
teracts with another type of fermions that live in the (3+1)-brane.
* Corresponding author.
E-mail addresses: zhukovsk@phys.msu.ru (V.Ch. Zhukovsky),
stepanov@physics.msu.ru (E.A. Stepanov).0370-2693 © 2012 Elsevier B.V.
http://dx.doi.org/10.1016/j.physletb.2012.10.039
Open access under CC BY license.This interaction can be described using four-fermion interaction
with exchanging Kaluza–Klein graviton modes leading to dynam-
ical mass generation. In [5] the model of [4] was considered in ﬁve
dimensions, where extra dimension was compactiﬁed to a circle
with compactiﬁcation radius R , and periodical and anti-periodical
boundary conditions for fermions were implemented. The model
[4] was extended by including constant gauge ﬁeld A5, living
in ﬁve-dimensional space–time, in order to study chiral symme-
try breaking and obtain dynamical mass for light fermions under
four-fermion interaction with gauge ﬁeld component A5. This idea
stems back to Hosotani (Hosotani mechanism [6]) who proposed
that Higgs particle can be obtained from an additional component
of the extra dimensional gauge ﬁeld A5 with Yukawa coupling that
consists of four-dimensional scalars and A5 looking like gauge cou-
pling. This is also called Yukawa uniﬁcation, and could lead to mass
generation with nonzero constant ﬁeld A5 breaking gauge and chi-
ral symmetry, and playing the role of the Higgs ﬁeld (see also [7]).
On the other hand, one of the objects of interest is low-
dimensional theory. Special attention to (2+ 1)-dimensional mod-
els was paid in condensed-matter physics, where the low-dimen-
sional models proved to be very useful instruments for studying
quasi-one-dimensional and quasi-two-dimensional media. A well
known example of the results obtained in this direction is a
condensed-matter simulation of three-dimensional anomaly [8].
In 1979, there appeared the paper [9], where linear polymers
were studied. As it turned out, the continuum model of polymer
chains coincides in its main characteristics with already known
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discussed example of this kind of models is graphene, planar
monoatomic layer of carbon, demonstrating unusual properties.
For instance, in [10,11] such properties as anomalous Hall effect,
conductivity of material and other interesting features of mate-
rial were investigated. Behavior of electrons in problems related
to graphene can be effectively described by the Dirac equation
(see e.g. [12,13]). Interactions of electrons in these systems are
well simulated by the use of such effective 4-fermion models as
the Gross–Neveu [14] and Nambu–Jona-Lasinio [15–18] models.
Low-dimensional models with electromagnetic ﬁelds and nontriv-
ial topology similar to two-dimensional graphene model [20], and
fullerenes [21] have been recently studied. The problem of this
kind was also discussed in [22] as a model of carbon nanotube
(see also [23]). In model [22], fermion mass generation was stud-
ied under the inﬂuence of an external magnetic ﬁeld like in the
Aharonov–Bohm problem [24].
In this Letter, fermion mass generation with Kaluza–Klein
fermions under the inﬂuence of gauge ﬁeld in the (2 + 1)-di-
mensional model is considered. In fact, we deal with a line with
fermions in one spatial dimension and fermions in the additional
dimension under a periodic or anti-periodic condition with four-
fermion interaction under the inﬂuence of the gauge ﬁeld compo-
nent A3 and a topological phase. On one hand, our problem may
serve as a simple illustration of a mechanism of the fermion mass
generated lighter than Kaluza–Klein modes, thus indicating to a
possibility of solving the mass hierarchy problem. Obtained depen-
dence of the effective potential and the coupling constant on such
characteristics of the model as compactiﬁcation radius, gauge ﬁeld
and phase shift parameter make the description of the process of
mass generation more informative. Moreover, we found that the
generated mass includes contributions from both the chiral con-
densate (the dynamic part) and the Aharonov–Bohm phase (the
kinematic part).1 On the other hand, our problem may be consid-
ered as a ﬁeld-theoretical model of a graphene with a line defect
that recently attracted so much attention (see, e.g., [25,26]).
2. Model and its mass spectrum
Let us consider a 3D fermion model, consisting of two types
of fermion ﬁelds Ψ and L, and gauge ﬁeld in three-dimensional
space–time — AM . Ψ -fermions live in the 3D space–time and L
on the 2D brane. Lagrangian of this model is similar to 5D model
considered in [4]
L(3) = Ψ¯ iγ MDMΨ +
[
L¯iγ μDμL + g2
(
Ψ¯ γ ML
)
(L¯γMΨ )
]
δ
(
x3
)
,
(1)
where M = 1,2,3; μ = 1,2; DM = ∂M − ieAM . We use the follow-
ing choice for the metric (+, − ,−) and γ -matrix representation
γ 1 =
(
1 0
0 −1
)
, γ 2 =
(
0 i
i 0
)
, γ 3 =
(
0 1
−1 0
)
. (2)
We assume the gauge ﬁeld to exist as a condensate with the
following average values of components 〈A3〉 = const = 0, and
〈A1〉 = 〈A2〉 = 0. Then the Lagrangian takes the form
L(3) = Ψ¯ γ 3eA3Ψ + Ψ¯ iγ M∂MΨ
+ [L¯iγ μ∂μL + g2(Ψ¯ γ ML)(L¯γMΨ )]δ(x3). (3)
Make Hubbard–Stratonovich transformation, including auxiliary
ﬁeld σM
1 Note that in [22] only the dynamic contribution was calculated, while the kine-
matic one was added by hand.L(3) = Ψ¯ iγ M∂MΨ + Ψ¯ γ 3eA3Ψ
+ [L¯i/∂L − σMσ ∗M + gσMΨ¯ γ ML + h.c.]δ(x3). (4)
In the mean ﬁeld approximation, replacing ﬁelds with their aver-
age values, we take 〈σμ〉 = 0, 〈σ3〉 = σ3 = −σ .
Chiral rotation
Ψ → exp
(
π
4
γ3
)
Ψ, L → exp
(
π
4
γ3
)
L (5)
results in the following expression for the Lagrangian
L(3) = Ψ¯ i/∂Ψ − Ψ¯ eA3Ψ − iΨ¯ ∂3Ψ
+ [L¯i/∂L − |σ |2 + (gσ Ψ¯ L + h.c.)]δ(x3). (6)
Compactify the third dimension in a circle with radius R and set
an additional parameter, the phase shift α
Ψ = N
+∞∑
n=−∞
Ψn(xμ)e
ix3
R (n+α). (7)
Then 2D Lagrangian L(2) = ∫ 2π R0 dx3L(3) takes the form
L(2) =
+∞∑
n=−∞
[
Ψ¯ni/∂Ψn +
(
n + α
R
− a
)
Ψ¯nΨn + (mΨ¯nL + h.c.)
]
+ L¯i/∂L − |σ |2, (8)
where eA3 ≡ a, m = Ngσ , N = 1√2π R is the normalization constant.
After going over to matrix representation for fermion ﬁelds Ψ
(Ψ )T = (L,Ψ0,Ψ1,Ψ−1,Ψ2,Ψ−2, . . .), (9)
the mass matrix takes the form
M =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 m∗ m∗ m∗ m∗ . .
m αR − a 0 0 0 . .
m 0 α+1R − a 0 0 . .
m 0 0 α−1R − a 0 . .
m 0 0 0 α+2R − a . .
. . . . . . .
. . . . . . .
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (10)
Then the effective Lagrangian can be rewritten in the matrix terms
L(2)eff = Ψ¯ i/∂Ψ + Ψ¯ MΨ − |σ |2, (11)
and for the mixed part of the Lagrangian we have
L(2)mixing =
+∞∑
n=−∞
(
n + α
R
− a
)
Ψ¯nΨn +
(
m
+∞∑
n=−∞
Ψ¯nL + h.c.
)
= Ψ¯ MΨ. (12)
The eigenvalue equation det(M − λI) = 0 has the solution
λR =m2R2π cot
(
π R
(
λ + a − α
R
))
. (13)
Assuming that the argument of cotangent is small, we have from
the last formula
λ = α − aR ±
√
(aR − α)2 + 4|m|2R2
2R
, (14)
where |m|  1/R .
It is easily seen from Eq. (14), that the generated mass depends
on the compactiﬁcation radius R , phase shift parameter α and
gauge ﬁeld a. Thus different masses can be produced, according
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we have λ = ±|m|, so the masses for light fermions are lower than
the mass of Kaluza–Klein modes for fermions in three dimensions.
Therefore this result could be a hint for the way for solving the
mass hierarchy problem.
3. Effective potential of the model
Generating functional of our system
Z =
∫
[DΨ¯ ][DΨ ][Dσ ][Dσ ∗]ei ∫ d2xL(2)
=
∫
[Dσ ][Dσ ∗]e−i ∫ d2x Veff(σ ) (15)
after integrating over the fermion ﬁelds leads to the effective po-
tential
Veff = |σ |2 −
∫
d2k
(2π)2
lndet(M + I/k)
= |σ |2 −
∫
d2k
(2π)2
1
2
lndet
(
M2 + Ik2E
)
. (16)
From (13) we get
Veff = |σ |2 −
Λ∫
0
dkk
4π
ln
[(
k sinh(πkR) +m2π R cosh(πkR))2
+ (k2 −m4π2R2) sin2(π(α − aR))],
where Λ is the cutoff parameter. The gap equation ∂Veff
∂σ = 0 reads
1−
Λ∫
0
dkk
4π
(k sinh(πkR) + g2σ 22 cosh(πkR))g2 cosh(πkR) − g
4σ 2
2 sin
2(π A)
(k sinh(πkR) + g2σ 22 cosh(πkR))2 + (k2 − g
4σ 4
4 ) sin
2(π A)
= 0, (17)
where A = α − aR . The diagram of the effective potential is shown
in Fig. 1. Let us calculate the critical coupling constant deﬁned
from the condition |σ | = 0
1−
Λ∫
ξ
dk
4π
g2c sinh(πkR) cosh(πkR)
sinh2(πkR) + sin2(π A) = 0, (18)
where ξ is the infrared cutoff parameter included to eliminate
divergence of the integral at the lower limit for A → 0. When
RΛ → ∞, the limiting value of the critical coupling constant
g2c → 4πΛ corresponds to its behavior in 3D space–time [19]. Cal-
culation of the integral gives
g2cΛ =
8π2RΛ
ln[ cosh(2π RΛ)−cos(2π Ra−2πα)cosh(2π Rξ)−cos(2π Ra−2πα) ]
. (19)
Going over to dimensionless variables
RΛ → R, g2Λ → g2, ξ
Λ
→ ξ, (20)
we obtain
g2c =
8π2R
ln[ cosh(2π R)−cos(2π Ra−2πα)cosh(2π Rξ)−cos(2π Ra−2πα) ]
. (21)
In Figs. 2a), b) and 3a), the dependence of the critical coupling
constant on RΛ is demonstrated for different values of the cutoffFig. 1. The effective potential as a function of mΛ−1 in the case of vanishing phase
shift parameter α = 0. Potential has a nonzero extremum (mR  0.1) for a = 0, two
nontrivial extrema for a = 3/2 and zero extremum for a = 1/2.
parameter ξ , in Fig. 3b) the cutoff parameter has zero value and
its role is played by the phase shift parameter α.
Let us consider the case with a as a dynamical variable. Then
the extremum of the effective potential is given by the gap equa-
tion ∂Veff
∂a = 0 for the ﬁeld a, which gives sin(2πα − aRπ) = 0, or
α − aR = n
2
, (22)
where n is an integer. Then a = 2α−n2R , which is equivalent to a = αR
at even numbers n = 2k, and a = 2α−12R at odd numbers n = 2k+ 1.
In particular, for periodic boundary conditions we have a = 0 and
a = − 12R , for anti-periodic conditions a = 0 and a = 12R . At even
values of n, we have cos(2π Ra − 2πα) = 1, and the critical cou-
pling constant is given by
g2c =
8π2R
ln[ cosh(2π R)−1cosh(2π Rξ)−1 ]
. (23)
At odd values of n, cos(2π Ra − 2πα) = −1, the critical coupling
constant is given by
g2c =
8π2R
ln[ cosh(2π R)+1cosh(2π Rξ)+1 ]
. (24)
Let us estimate the mass which is generated at these critical values
of the ﬁeld a. For even values of n, a− αR = 0. In this case we obtain
λR = π |mR|2 cot(π Rλ). (25)
Since we are interested in this case in light fermions with the mass
λ  1R , we obtain
λR = |mR|
2
λR
, (26)
or λ = |m|.
For odd values of n, a − αR = − 12R , and we obtain
λR = π |mR|2 cot
(
π
(
Rλ − 1
))
. (27)2
600 V.Ch. Zhukovsky, E.A. Stepanov / Physics Letters B 718 (2012) 597–602Fig. 2. The dependence of g2c Λ on RΛ: a) for different values of the ﬁeld parameters a (for aΛ
−1 = 1 the critical coupling constant looks like damped oscillatory function
tending towards its asymptotic value corresponding to aΛ−1 = 0); b) for different values of the cutoff parameters ξ (for small enough value of the cutoff parameter ξ = 0.001
the diagram has cusps).
Fig. 3. Behavior of g2c Λ for a) different values of the cutoff parameter ξ , b) zero value of the cutoff parameter ξ = 0 and different boundary conditions: periodic (α = 1) and
anti-periodic (α = 12 ).For π(Rλ − 12 )  1, we have λR = |mR|
2
λR− 12
and hence
λR = 1
4
+
√
1
16
+ |mR|2 ≈ 1
2
+ O (|mR|2). (28)
Therefore, λ ≈ 12R = a, and we obtain the mass lower than the
Kaluza–Klein modes λn = nR .
4. Contribution of Aharonov–Bohm phase to fermion gap
Let us consider our model from another point of view, i.e.,
as a low-dimensional model of a real system, similarly to two-
dimensional graphene model with nontrivial topology [20], and
fullerenes [21]. Problems of this kind were discussed in [22] and
[23]. The model in R2 × S1 space was considered in [22] as a car-bon nanotube. In this model, fermion mass generation was studied
under the inﬂuence of a magnetic ﬁeld, which echoes with the
Aharonov–Bohm problem [24]. The authors of [22] calculated the
effective potential of the model and fermion gap as extremum of
the effective potential. This gap decreases with growing magnetic
ﬁeld, and dynamical symmetry breaking takes place contrary to
the usual way it does in most known cases under the inﬂuence of
an external ﬁeld. Since in this problem the magnetic ﬁeld is par-
allel to the axis of the cylinder, it does not affect the motion of
charged particles, and creates only magnetic ﬂux. The authors of
[22] added by hand the kinematic contribution to the gap 2πφ‖
as an Aharonov–Bohm phase, where φ‖ = eAy L2π , and with this ad-
dition the gap increases with the magnetic ﬁeld. This additional
phase was also computed in [23]. There the model in R3 × S1
space was considered with the Aharonov–Bohm phase obtained
V.Ch. Zhukovsky, E.A. Stepanov / Physics Letters B 718 (2012) 597–602 601Fig. 4. Veff as a function of m for weak ﬁeld a a) for different values of compactiﬁcation radius, b) for different small values of ﬁeld a. Minimum of the effective potential is
reached for mR  0.1.from nonzero terms of the electromagnetic potential, which cannot
be gauged away due to periodicity condition. In this problem the
Aharonov–Bohm phase is not an external parameter, as in prob-
lem of [22], rather it is determined from the energy minimum
condition. The authors choose the external ﬁeld with a nonvanish-
ing third component as follows A¯ν = δν3, which obeys the gauge
transformation Aμ → Aμ − 1e ∂μα, where α satisﬁes the boundary
conditions α(x3 + 2π R) = α(x3) + 2π l, l ∈ Z , 2π R is the length
of the extra dimension. Then the minimum of the effective po-
tential gives A¯3 = 12eR (l = 1). Our model differs from the above
mentioned ones by the presence of the four-fermion interaction
in R2 × S1 space and a phase parameter α in the periodic (anti-
periodic) boundary condition. Boundary conditions for the third
coordinate look like:
Ψ (xμ, x3 + 2π R) = Ψ (xμ, x3), (29)
and compactiﬁcation
Ψ (xμ, x3) = N
∞∑
n=−∞
Ψn(xμ)e
i
x3
R (n+α). (30)
The Lagrangian of our model is invariant under the gauge trans-
formations Aμ → Aμ + 1e ∂μβ and Ψ → eiβΨ , where β = x3nR ,
n ∈ Z . Since our ﬁeld parameter a up to e is similar to  in ar-
ticle [23], we can ﬁnd the extremum of the effective potential
with the parameter a ( ∂V
∂a = 0), and we receive α − n = aR , or
n
2R = α2R − a2 . Recall the relation for ﬁeld A3 given in [23] A¯3 = 12eR ,
since 2π R is the length of the extra dimension. Let us turn to
the article [22] and transform the Aharonov–Bohm phase: 2πφ‖L =
2π
L
aAy L
2π = eAy . Therefore in [23] the Aharonov–Bohm phase is
equal to eA3 = e = 12R . Since in our problem the phase shift pa-
rameter α is included, the relation for the phase will be slightly
different. Substituting n = 1 in the relation for the minimum of
the effective potential, we receive 12R = 12 ( αR −a) = ϕ , which is the
Aharonov–Bohm phase. This implies that the kinematic contribu-
tion for fermions, the Aharonov–Bohm phase, is already includedin our relation for the fermion gap, as the eigenvalue of the mass
matrix
λ = 1
2
(
α
R
− a
)
±
√(
1
2
(
α
R
− a
))2
+ |m|2
= ϕ ±
√
ϕ2 + |m|2. (31)
It was also shown in [23] that the state with the lowest energy
corresponds to fermions with the anti-periodic boundary condi-
tions A ≡ min = 12eR ), and this corresponds to the result of our
problem: amin = 12R (a = eA3) for anti-periodic boundary condi-
tions (α = 12 ), then A3 = 12eR .
It should be noted that in article [22] the critical coupling con-
stant was also calculated. After some transformations it takes the
form similar to Eq. (19) for the critical constant of our model,
where however, we also have the phase parameter α and the in-
frared cutoff ξ .
Let us consider the fermion gap as the function of the ﬁeld (tak-
ing λR from 12 (α−aR) = ϕR) and we will see the behavior similar
to that in the corresponding diagram of [22]. However, in our gap
equation we have an additional parameter m, so we have to ﬁx
it. Since the gap equation in our case cannot be solved analyti-
cally, estimate for m can be taken from the diagram of VeffΛ−2
vs mΛ−1 for small values of ﬁeld A3, since for large values of
A3 the fermion gap has a linear dependence on the ﬁeld and mR
could be ignored as a small parameter. (See Fig. 4.) One can see
from the diagrams that the minimum of the effective potential is
reached at mR  0.1, the mass changes slowly and we can ﬁx it.
Construct the dependence of λR on ϕR and one can see that the
behavior of the fermion gap is similar to that of article [22]. (See
Fig. 5.)
5. Conclusions
In this Letter, we have studied the dynamical generation of
fermion masses in the model with two types of interacting
602 V.Ch. Zhukovsky, E.A. Stepanov / Physics Letters B 718 (2012) 597–602Fig. 5. λR as a function of (α − aR)/2 = ϕR . There exists in the diagram the second
branch, where one can see that together with the increase of the fermion gap, the
small mass is generated, lower than that of the Kaluza–Klein modes.
fermions, one type living in three-dimensional space–time, and
another living on a 2-brane, with the gauge ﬁeld A3. Consider-
ing the ﬁeld A3 as an external parameter, the dynamical mass is
independent of the gauge ﬁeld for large compactiﬁcation radius
and it tends to a constant value. In addition, the dynamical mass
is an oscillating function of the ﬁeld parameter a with an ampli-
tude decreasing with growing compactiﬁcation radius. Considering
the gauge parameter a as a dynamical variable, the extremal value
of the gauge variable leads to a trivial value of the coupling con-
stant It should be noted that for the case (22) the generated mass
(14) is of the order of λ ∼ 12R for (n = 1), which equals the gauge
constant for anti-periodic boundary conditions a = αR , α = 12 . Thus
we receive the mass value lower than the Kaluza–Klein modes
λn = nR . The diagram of the coupling constant g2c → 4πΛ goes lower
than the critical constant (m = 0.1Λ), then for different small val-ues of R we can receive different small values of the coupling
constants, and therefore different small masses. So this may hint
to explanation of the mass hierarchy of particles. We have also
proved that in our model (as opposed to [22]) the kinematic (topo-
logical) contribution from the Aharonov–Bohm phase is obtained
in the relation for the fermion gap together with the dynamic
contribution from the condensate m. Further study of problems
of this kind, as we hope, may also serve to possible applications
for the description of the structure and properties of more realis-
tic low-dimensional systems such as graphene with a line defect,
nanotubes and fullerenes.
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